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Statistical analysis of experimental data > .

Measurements and their uncertainties

© Measurements

© Central Limit Theorem

© Correlations between variables
@ Error propagation

© Variable simulation

@ Homework
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Probability distributions > .

Probability distribution function  (PDF)
also called “Probability density function” in some books

For given random variable X, probability distribution function, f(x), describes the probability
to obtain given numerical result x (in single experiment). For infinitesimal interval dx:

P(x < X <x+dx) = f(x)dx

For arbitrary interval [xq,x2]:
X2
Pxi < X <x) = / dx f(x)
X1

This can be considered an alternative definition of f(x)
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Probability distributions > .

Cumulative distribution function

We can also define cumulative distribution function F(x), which is the probability that an
experiment will result in a value not grater than x:

F(x) = P(X<x)
Probability distribution function can be then written as the derivative:

dF(x)
dx

Probability that the X value observed is in the range from x; to x:

f(x) =

Plxi < X < x0) = F(x)—F(x1) — /Xz dx F(x)

1
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Probability distributions > .

th

Moment of order n (n"” moment) is defined as

+oo
po = BX) = (x) = [ Tt = Yo )

—0o0

Mean value is, by definition, the first (n = 1) moment of the probability distribution, u = ;.

Central moment of order n is defined as
“+o00

my = E((X—p)") = ((x—p)") = / dx (x — )" £(x)

= Z(Xi — )" £(x)

By calculating moments of the probability distribution we can get information about its shape.
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Probability distributions > .

Moments of distribution functions
For the lowest order moments we have:

=1 my=1 normalization of f(x)

pr=p  m=0 definition of mean value of f(x)

The first moment which gives us information about the shape of f(x) is
Variance, which is the second central moment:

2=V = m = () = [ el w2 70

—00

- Z(Xi - /L)2 f(xi)

i
The square root of the variance is referred to as the standard deviation o. Describes the
average difference between measurements x; and the mean u
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Statistical analysis of experimental data > .

Measurements and their uncertainties

© Measurements
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Measurements

So far, we considered different properties of probability density functions and random variables
assuming PDF parameters are known.

But this is not the case in most measurements.

We do experiments to extract parameters of the distribution!
Or even to reconstruct the shape of the PDF, if not predicted by theory.

We can constrain shape of the PDF by measuring its moments.

Mean p and standard deviation o are often of primary importance.
How do we reconstruct them? What is the precision of our estimate?
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Measurements

So far, we considered different properties of probability density functions and random variables
assuming PDF parameters are known.

But this is not the case in most measurements.

We do experiments to extract parameters of the distribution!
Or even to reconstruct the shape of the PDF, if not predicted by theory.

We can constrain shape of the PDF by measuring its moments.
Mean p and standard deviation o are often of primary importance.

How do we reconstruct them? What is the precision of our estimate?

Let us assume that random variable X is described by probability distribution f(x).
We perform N experiments resulting in set of N measurements x;, i =1... N (our sample).
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Measurements - %

Sample mean
is the arithmetic mean of the obtained numerical results:

X = %Zx;
i

Expected value of the sample mean:

- 1 1
E(x) = NE(Xl-i‘---XN) = NN,u =L

= The sample mean is an unbiased estimator of the true mean p.
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Measurements -

Sample mean
is the arithmetic mean of the obtained numerical results:

X = %Zx;
i

Expected value of the sample mean:

- 1 1
E(x) = NE(Xl-i‘---XN) = NN,u =L

= The sample mean is an unbiased estimator of the true mean p.

Law of Large Numbers “under suitable conditions”
The sample mean tends to the mean of the distribution

In the limit N — oo sample mean is no longer a random variable...
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Measurements -

Variance of sample mean
In the limit N — oo we can obtain exact value of .
How precise is our estimate X of the true mean p for finite N7

We can calculate variance of sample mean:

V(x) = ((x—w)?) = ( x=p)?)
= ,\}z<2(x;—#)-2(><j—u)>

1

= s 1)+ 3 (- g )
i iy j#i
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Measurements -

Variance of sample mean
In the limit N — oo we can obtain exact value of .
How precise is our estimate X of the true mean p for finite N7

We can calculate variance of sample mean:

V(x) = ((x—w)?) = ( x=p)?)
= ,\}z<2(x;—#)-2(><j—u)>

- %Z((X;—uf) + % ((xi — 1) (x; — 1))
i iy j#i
VO

Sample mean is a random variable with mean p and standard deviation TN
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Measurements ’im

Variance estimate
Consider the value for the mean squared difference:

2 = LZ(X,-—)?V = LZ(X;—M—(?—M))Z

- % > (06 = ) =205 — i) (% = ) + (% = 1)?]

= D 0n = 2% — ) Y ) + (R )
:% (xi — p)? = (x — p)?
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Measurements ’im

Variance estimate
Consider the value for the mean squared difference:

2 = LZ(X,-—)?V = LZ(X;—M—(?—M))Z

- % > (06 = ) =205 — i) (% = ) + (% = 1)?]

= D 0n = 2% — ) Y ) + (R )
:% (xi — p)? = (x — p)?

Expected value:
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Measurements - %

Sample mean variance

Sample variance for a sample of N measurements x; is defined as
1
2 _ Y
s° = 7/\/—12()(' X)
1

where Bessel's correction factor

o? _ N o1
(d2y — N-1
is applied to obtain an unbiased estimator of the standard deviation:
() = o
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Measurements P

Sample mean variance

Sample variance for a sample of N measurements x; is defined as

1
2 =\2
s = — Xj — X
T Z( i — %)
1
where Bessel's correction factor

o? _ N o1
(d2y — N-1
is applied to obtain an unbiased estimator of the standard deviation:
() = o

Bessel's correction is crucial for proper (unbiased) estimate of the sample mean variance:

_ o 1 —\2
V(x) = N <N(N_1)Z(Xi_X) >
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Measurements

\
N /’/
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Variance estimate 04_sample_variance.ipynb
Run multiple numerical experiments to calculate expected value for

y = Z(x,-—f()2 = N d?

i
for x; being gaussian random variables with =0 and 0 =1
100 experiments

Sample variance experiment
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Measure ts

Variance estimate 04_sample_variance.ipynb
Run multiple numerical experiments to calculate expected value for

y = Z(x,-—f()2 = Nd?

i
for x; being gaussian random variables with =0 and 0 =1
100000 experiments

Sample variance experiment

g wf
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w F
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Statistical analysis of experimental data > .

Measurements and their uncertainties

© Central Limit Theorem
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Central Limit Theorem ’im

Probability distribution function f(x) can be uniquely described by specifying all its moments.
But this is an infinite set... We can also present full information about moments by introducing

Moment Generating Function

The moment generating function of a PDF of a random variable X can be written as

= t" t2
M(t) = Y " = pottut opet...
2l .
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Central Limit Theorem ’im

Probability distribution function f(x) can be uniquely described by specifying all its moments.
But this is an infinite set... We can also present full information about moments by introducing

Moment Generating Function

The moment generating function of a PDF of a random variable X can be written as

> n t2
M(t) = Y " = pottut opet...
n=0
= all moments can be now obtained as derivatives at t = 0:
_OkM(e)
Pk = gk o
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Central Limit Theorem

Probability distribution function f(x) can be uniquely described by specifying all its moments.
But this is an infinite set... We can also present full information about moments by introducing

Moment Generating Function

The moment generating function of a PDF of a random variable X can be written as

o0

t" t2
M(t) = Y " = pottut opet...
n=0
= all moments can be now obtained as derivatives at t = 0:
_OkM(e)
Uk = otk o

By comparing with a Taylor series expansion of exponential function we realize that

M(t) = /+°de £(x) <1+tx+( ) ) - /+°de F(x) e = B(e™)

— 00
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Central Limit Theorem ’im

Moment Generating Function

If X and Y are two independent variables and Z = X + Y then
M (t) = Mx(t) - My(t)

where M, M, and M, are moment generating functions for X, Y and Z

A.F.Zarnecki Statictical analysis 04 October 24, 2024



Central Limit Theorem ’im

Moment Generating Function

If X and Y are two independent variables and Z = X + Y then
M (t) = Mx(t) - My(t)
where M, M, and M, are moment generating functions for X, Y and Z

For the Gaussian distribution:

1
M(t) = exp <ut + 2U2t2>
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Central Limit Theorem ’im

Moment Generating Function
If X and Y are two independent variables and Z = X + Y then
Mc(t) = Mu(t)- My(t)
where M, M, and M, are moment generating functions for X, Y and Z

For the Gaussian distribution:

1
M(t) = exp <ut + J2t2)

2
LG 5 pifor £ =0
92
dal\i(t) = [0®+ (u+0%t)] M(t) — o2+ p?
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Central Limit Theorem ’im

Moment Generating Function
If X and Y are two independent variables and Z = X + Y then
Mc(t) = Mu(t)- My(t)
where M, M, and M, are moment generating functions for X, Y and Z

For the Gaussian distribution:

1
M(t) = exp <ut + 2U2t2>

0/\;51') = (u+0%t) M(t)
02
dal\fz(t) = [0® + (u+0%t)?] M(t)

PDF described by generating function of this form is by definition gaussian
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Central Limit Theorem ’im

Central Limit Theorem

Consider the sum of N independent variables X;:

N
Y = Y X

i=1
For simplicity, let us assume mean values are zero, E(X;) =0 = p, =0
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Central Limit Theorem ’im

Central Limit Theorem

Consider the sum of N independent variables X;:
N
Y = Y X
i=1
For simplicity, let us assume mean values are zero, E(X;) =0 = p, =0

Variance of Y is given by N
o = V(Y) = Za,-z
i=1

and increases with increasing N...
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Central Limit Theorem :5‘:%

Central Limit Theorem
Consider the sum of N independent variables X;:

N
Y = Y X

i=1
For simplicity, let us assume mean values are zero, E(X;)

=0 = pu,=0
Variance of Y is given by N
o = V(Y) = Za,-z
i=1
and increases with increasing N... I

= let us consider random variable scaled to unit variance  (p, =0, 0, = 1)

N
1 X;
7 = Y = !
ag - g
i=1
Distribution of Z should tend to a fixed distribution in N — oo limit. What is it?
A.F.Zarnecki
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Central Limit Theorem ’im

Central Limit Theorem

Moment generating function for Z:
N
t
Mz = [ M ()
1=
where moment generating function of variables X; can be written as
t o? 1t)2 o3
mi(2) = 1+ (2) + 20 (2) +
o 2 \o 31 \o

where the term linear in t vanishes because of pu; =0
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Central Limit Theorem ’im

Central Limit Theorem

Moment generating function for Z:

e = [Im ()
i=1

where moment generating function of variables X; can be written as

u(®) - e d @'

where the term linear in t vanishes because of pu; =0

Logarithm of moment generating function for Z

InMy(t) = ZN:InM,-<;> _ ZN:|n<1+02"2(;)2+...>
i=1 i=1
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Central Limit Theorem ’im

Central Limit Theorem

Shape of the PDF is defined by M(t) shape for t ~ 0, we can expand In(1 + ¢)
N 2 2 N 2 2
3 o? (¢ _ (%t
InMZ(t)_;1ln(1+2(U) +> = <2(U) +>

N
ty\3 2/ t\2 1
ignoring t L d higher: zE:—(—>:7t2
ignoring terms <U) and higher . > >
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Central Limit Theorem ’im

Central Limit Theorem

Shape of the PDF is defined by M(t) shape for t ~ 0, we can expand In(1 + ¢)
N 2 2 2
3 o? (¢ _ (%t
InMz(t) = -1In(1+2(0) +> = <2(0> +>
=
N
t\3 o7 N2 1
ignoring t ") andhigher:  ~ > ZL(2) = 24
ignoring terms <U) an igher : > p >

We conclude that in the limit N - oo (and t — 0)

Mz(t) = exp <; t2)

= Z has gaussian distribution function with unit deviation (o = 1)
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Central Limit Theorem ’im

Central Limit Theorem (2) alternative proof
If all X; have same variance 02 = variance of Y: 02 =02 - N oc=0x-VN
t 2/t 3
M=) = 1+% < > ( > +.
o 2 \o VN oxV'N

| Ha()
2N " 3103 /v3/2

_l’_
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Central Limit Theorem ’im

Central Limit Theorem (2) alternative proof

If all X; have same variance o2

2
X
t 2/t 3
M=) = 1+% < > ( > +.
o 2 \o VN oxV'N
2 opyp
2N 3lg3 N3/2
Then the moment generating function for Z can be written as:

Mz(t) = ﬁM(;) = <1+5V+ )N

= varianceof Y: 02 = ¢

+ ...
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Central Limit Theorem

Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied

Distribution of mean values Mean  0.0006059
|StdDev 09985

0.4
0.35
0.3
0.25
0.2

Fractional count per unit

-5 -4 -3 -2 -4 0 1 2 3 4 5
Mean

A.F.Zarnecki Statictical analysis 04 October 24


https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/04_Measurements/04_central_limit.ipynb

\,
\
\E\\ )

Central Limit Theorem

Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied
N=2

Distribution of mean values Mean  -0.003575
| Std Dev 1.001

<o
P

Fractional count per unit

o
o
LA AR AR RA NN RN RN AR NRRR RN RN RRR)
T
e

Mean
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Central Limit Theorem

Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied

Distribution of mean values Mean  -0.004996
| Std Dew 1

<o
P

o
o

RN AR RAR AR RN AR AR RN RR AR RAR
-

Fractional count per unit

Mean
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Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied

Distribution of mean values Mean -0.0005053
|StdDev 09879

0.4
0.35
0.3
0.25
0.2

Fractional count per unit

RN AR RAR AR RN AR AR RN RR AR RAR
-

Mean
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Central Limit Theorem

Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied
N=5
Distribution of mean values Mean -0.0005053
= 1E |Stbev  0ss79
=1 E R
8. 10°! : !/ \L“‘l
= i ,rf ‘1\
S i
8 102 E Ja
s b T,
S 10 L s 1
- I
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Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution
Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied
N=7

Distribution of mean values Mean  —0.00409

= 1E |StdDev  0.9991

=} S i B

5 a0 [ ol et

B' 10 g g Rt

=L/ AN

80Tk A b

g i T

£ o [

g I

w 3
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Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution
Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied
N =10

Distribution of mean values Mean  0.004123

= 1E |StdDev 1.005

=] F T

B 4o [ s et

2 o A

c [

MRV \

E i A .

2 107k

g f y

S oot | <
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Central Limit Theorem

Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied
N =20
Distribution of mean values Mean  0.003695
= 1E |StdDev  0.9974
=1 o i B
& 4o .-‘f "‘x_“‘
€
£ o d ,
g / y
g { g
2 10°
g
L qo
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Example (1) 04_central_limit.ipynb
Simplest case: X; are random numbers from uniform distribution
Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied
N =20
Distribution of mean values Mean  0.003695
.‘é’ F ‘ Std Dev 0.9974
> 04E
8 oasf / ti-,:l
S o3f
o E
© p2s5F
g E 1
5 o02f { 1
T o5 f 1y
T o1 p)
005 F
0 E
5 -4 -3 -2 -1 0 1 2 3 4 5

Mean
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Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied

Distribution of mean values Mean  —0.01448
|StdDev  0.9564

0.4
0.35
0.3
0.25
0.2

T
e

LN LN LA LA AL LR LA RN
T L .

Fractional count per unit

-5 -4 -3 -2 -4 0 1 2 3 4 5
Mean
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Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied

Distribution of mean values Mean  -0.005999
|StdDev 09788

T
o —

0.4
0.35
0.3
0.25
0.2

Fractional count per unit

-5 -4 -3 -2 -4 0 1 2 3 4 5
Mean

A.F.Zarnecki Statictical analysis 04 October 24


https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/04_Measurements/04_central_limit2.ipynb

8 g
\E\'//

Central Limit Theorem 7

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied

Distribution of mean values Mean  -0.000484
|StdDev 09877

T
Wl

<o
P

Fractional count per unit

Mean
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Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied
N=25
Distribution of mean values Mean  —0.002669
= 5F |SDev 09969
S5 oaf
5 . F T
o 035 LY
S o3 ( -Il
3 E "
_z 0.25 F [ 1,]
5 o2 i [
T o0is5F
© E ‘.
T o1 ,|jl X
005 F gt
F - e
05" s 2 9 0 1 2 3 4 5
Mean
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Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied

Distribution of mean values Mean  -0.01042
|StdDev_ 0.9928

<o
P

Fractional count per unit

-5 -4 -3 -2 -4 0 1 2 3 4 5
Mean
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Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied
N =10

Distribution of mean values Mean  0.004161

| Std Dev 1
I

<o
P

Fractional count per unit

-5 -4 -3 -2 -4 0 1 2 3 4 5
Mean
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Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied
N =20
Distribution of mean values Mean  0.004443
= 5F |StdDev  0.9998
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Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied
N =30

Distribution of mean values Mean  -0.007779
|StdDev 09988

<o
P

Fractional count per unit

o
]
3
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T
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Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied
N =50

Distribution of mean values Mean  0.003398
|StdDev_ 0.9999

0.4
0.35
0.3
0.25
0.2

Fractional count per unit
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Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied
N =50

Distribution of mean values Mean  0.003398
1 |StdDev  0.9999

A

Fractional count per unit
5
s,

A.F.Zarnecki Statictical analysis 04 October 24, 2024


https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/04_Measurements/04_central_limit2.ipynb

\,
\
\E\\ )

Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:
compared with normal distribution scaling to o = 1 applied
N =70
Distribution of mean values Mean  0.002761

1E |StdDev  0.9982
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p
-

Fractional count per unit
5
T,

A.F.Zarnecki Statictical analysis 04 October 24, 2024


https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/04_Measurements/04_central_limit2.ipynb

\
N /’/
. ;\\\ F

ral Limit

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied

N = 100

Distribution of mean values Mean  0.004609

= 1E |StdDev  0.9999
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Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied

N = 200

Distribution of mean values Mean  -0.002337
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Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied

N = 300

Distribution of mean values Mean  -0.003366
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Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied

N = 500

Distribution of mean values Mean  0.001443

= 1E |StdDev  0.9982
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Central Limit Theorem

Example (2) 04_central_limit2.ipynb
More problematic: X; are random numbers from exponential distribution

Distribution of the mean of N values:

compared with normal distribution scaling to o = 1 applied

N = 1000

Distribution of mean values Mean 0.002

= 1E | 5td Dev_0.9974
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Central Limit Theorem ’im

Central Limit Theorem as presented by M. Bonamente

The sum of a large number of independent random variables is approximately distributed as a
Gaussian. The mean of the distribution is the sum of the means of the variables and the
variance of the distribution is the sum of the variances of the variables. This result holds
regardless of the distribution of each individual variable.
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Central Limit Theorem ’im

Central Limit Theorem as presented by M. Bonamente

The sum of a large number of independent random variables is approximately distributed as a
Gaussian. The mean of the distribution is the sum of the means of the variables and the
variance of the distribution is the sum of the variances of the variables. This result holds
regardless of the distribution of each individual variable.

This is a very strong statement!
It is true in most of the “physical” cases, but it is not true in general case...

In our proof we had to assume that M(t) can be defined, that is all moments of the considered
probability distribution can be calculated and are finite. This is not always the case...
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Central Limit Theorem ’im

Example (3) 04_central_limit3.ipynb
Consider random numbers x; from Cauchy distribution
1 1
flx) = = . ——
(x) T 14+ x2

It is properly normalized, but already its mean is not well defined:

1 T 2x dx

E(X) = — xox
(%) 21 ) oo 14+ x2
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Central Limit Theorem ’im

Example (3) 04_central_limit3.ipynb
Consider random numbers x; from Cauchy distribution
1 1
flx) = = . ——
(x) T 14+ x2

It is properly normalized, but already its mean is not well defined:

1 [t 2xd 1 oo
E(X) = — Xi); = —In(1+x?)
2 J_o 1+ x 2m

—00

Higher moments diverge even faster...

Our basic assumption is not fulfilled = theorem does not hold !
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Example (3) 04_central_limit3.ipynb
Consider random numbers x; from Cauchy distribution
Distribution of the mean of N values: compared with normal distribution
N=1
Distribution of mean values
= F
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Central Limit Theorem im
Example (3) 04_central_limit3.ipynb
Consider random numbers x; from Cauchy distribution
Distribution of the mean of N values: compared with normal distribution
N =10
Distribution of mean values
T F
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Central Limit Theorem

Example (3)

Consider random numbers x; from Cauchy distribution

Distribution of the mean of N values:

A.F.Zarnecki

N = 100

Distribution of mean values

NN
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04_central_limit3.ipynb

compared with normal distribution
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Central Limit Theorem im
Example (3) 04_central_limit3.ipynb
Consider random numbers x; from Cauchy distribution
Distribution of the mean of N values: compared with normal distribution
N = 1000
Distribution of mean values
= F
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8 oasf St
- E '. r-l‘- ‘..
Fiu
—: 025 F JJ l"[
5 0.2; "‘Il‘
‘g 015 j le
- N4 R
. E _“-_.__‘_‘-' N .I".:':‘-I‘_:‘__‘-‘—h“—-—_
-5 -4 -3 -2 4 0 1 2 3 4 5

Mean

A.F.Zarnecki Statictical analysis 04 October 24, 2024


https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/04_Measurements/04_central_limit3.ipynb

Central Limit Theorem im
Example (3) 04_central_limit3.ipynb
Consider random numbers x; from Cauchy distribution
Distribution of the mean of N values: compared with normal distribution
N = 10000
Distribution of mean values
= F
3 o04f ey
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Mean of random numbers from Cauchy distribution has Cauchy distribution itself, even for N — oo
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Example (4): Landau distribution

Describes the energy loss distribution for relativistic charged particles matter.
In the limit 8y — oo, mean and RMS of the energy loss distribution are not well defined!

Sums of random numbers from Landau distribution

Only the most probable value is...

2
c 10° o
2 fh
m |ty
102 llLL," - . o
M single deposit = 72— ~ 0.76
! L-ULLL
10 | I 0 (from histogram range shown)
Wi 50
i
LI
: |

0 1 2 3 4 5 6 7 8 9 10

Energy loss [a.u.]
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Central Limit Theorem ’im

Example (4): Landau distribution

Describes the energy loss distribution for relativistic charged particles matter.

In the limit 8y — oo, mean and RMS of the energy loss distribution are not well defined!
Only the most probable value is...

Sums of random numbers from Landau distribution

[22]
5100 . o
:>J’ I L Sum of Landau distributed deposits is also
b described by Landau distribution!
102 I‘wm -
'-'Lrl unLH Nsum - 4 = Mean ~ 073
10 ”LJ]J“].JHU,.L I (from histogram range shown)
Il W
R IR 1 W‘“’lﬂ
1 LN

0 2 4 6 8 10 12

Energy loss [a.u.]
October 24, 2024
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Central Limit Theorem ’im

Example (4): Landau distribution

Describes the energy loss distribution for relativistic charged particles matter.

In the limit 8y — oo, mean and RMS of the energy loss distribution are not well defined!
Only the most probable value is...

Sums of random numbers from Landau distribution

[22]
Sk . o
: |1 Sum of Landau distributed deposits is also
'111 described by Landau distribution!
102 -"11“1” NSUm = 9 = Mgan ~ 072
10 umunﬁ"‘jﬂﬂ (from histogram range shown)
e
;

0 2 4 6 8 10 12 14

Energy loss [a.u.]
October 24, 2024
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Example (4): Landau distribution

Describes the energy loss distribution for relativistic charged particles matter.

In the limit 8y — oo, mean and RMS of the energy loss distribution are not well defined!
Only the most probable value is...

Sums of random numbers from Landau distribution

[22]
= o . .
2 10° 1 Sum of Landau distributed deposits is also
[ ‘LL described by Landau distribution!
1
¢ : Neym = 16 = & ~ 0.70
uﬂ—.L
10 . (from histogram range shown)

R,

1 il

0O 2 4 6 8 10 ‘12”1‘4‘ 16
Energy loss [a.u.]

October 24, 2024
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Example (4): Landau distribution

Describes the energy loss distribution for relativistic charged particles matter.

In the limit 8y — oo, mean and RMS of the energy loss distribution are not well defined!
Only the most probable value is...

Sums of random numbers from Landau distribution

[22]
c
2 10° ﬁ Sum of Landau distributed deposits is also
: 1“1 described by Landau distribution!
‘1]
10°
h, Nsum = 25 = g2 ~ 0.69
|
10 —LIM I (from histogram range shown)
Wl ol
1 u

0 2 4 6 8 10 12 14 16

Energy loss [a.u.]
October 24, 2024
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Example (4): Landau distribution

Describes the energy loss distribution for relativistic charged particles matter.

In the limit 8y — oo, mean and RMS of the energy loss distribution are not well defined!
Only the most probable value is...

Sums of random numbers from Landau distribution

[22]
= f o -
:>J’ 10° 11, Sum of Landau distributed deposits is also
1 described by Landau distribution!
102 LL _ [
"n.m1 Nsum — 100 = Mean ~ 067
H‘]_I'L,—.,
10 h“”]]][[nm | (from histogram range shown)
g |1
1 il

0 2 4 6 8 10 12 14 16 18 20

Energy loss [a.u.]
October 24, 2024
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Example (4): Landau distribution

Describes the energy loss distribution for relativistic charged particles matter.
In the limit 8y — oo, mean and RMS of the energy loss distribution are not well defined!
Only the most probable value is...

Sums of random numbers from Landau distribution

[22]
c fl
:>J’ 10° le Sum of Landau distributed deposits is also
HLL1 described by Landau distribution!
L1
10% = Nsum = 2500 = 2.~ ~ 0.62
L
10 IrHLI"“]_:mT - (from histogram range shown)
o '”J' l[ H High energy tail significant even in large
1 - Rl detector volumes!

0 5 10 15 20 25
Energy loss [a.u.]
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Statistical analysis of experimental data > .

Measurements and their uncertainties

© Correlations between variables
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Correlations between variables o

Multiple measurements

It is often the case that we measure two or more variables at the same time and we are
interested in joint probability of obtaining given result.

So far we assumed that variables were independent, eg. coming from different measurements
or from repeated experiment...

Let us consider two random variables X and Y.
We can define joint probability function h(x, y) by the relation:

Px<X<x+4+dx && y <Y <y+dy) = h(x,y)dxdy

which should be fulfilled for infinitesimal intervals dx and dy, or:

x 2
Pxi <X <x && y1 <Y <y) = / dx/ dy h(x,y)

X1 y1
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Correlations between variables ’im

Joint probability function

Joint probability function gives full information on the measured set of variables. If we want to
look only at one variable, we can consider marginal probability density functions defined as

0 = [ eyt
+00
gly) = / dx h(x,y)

A.F.Zarnecki
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Correlations between variables ’im

Joint probability function

Joint probability function gives full information on the measured set of variables. If we want to
look only at one variable, we can consider marginal probability density functions defined as

10 = [ ayntn)

—00

gly) = / m dx h(x, y)

—00

We can also directly extract parameters of X and Y distributions:
Ux = ]E(X) = //dX dth(X,y)
7 = B = mf) = [ [ dxdy (x— el hixy)

A.F.Zarnecki
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Correlations between variables ’im

Joint probability function

Joint probability function gives full information on the measured set of variables. If we want to
look only at one variable, we can consider marginal probability density functions defined as

10 = [ ayntn)

o0

“+o0

gly) = / dx h(x, y)

o0

We can also directly extract parameters of X and Y distributions:

py = E(Y) = //dx dy y h(x,y)
7= B - mP) = [[dxdy - hix)

A.F.Zarnecki

Statictical analysis 04
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Correlations between variables -

Covariance

Covariance of two random variables X and Y is defined as:

CX,Y) = Cov(X,Y) = E((X —m)(Y —p,) = ox
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Correlations between variables -

Covariance
Covariance of two random variables X and Y is defined as:
C(X,Y) = Cov(X,Y) = E((X—p)(Y —py)) = ox

We can also define the correlation coefficient:
Cov(X,Y)

X,Y) = ———= =
:0(’) ox 0y Pxy

which is the number between —1 and +1.
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Correlations between variables -

Covariance

Covariance of two random variables X and Y is defined as:
C(X,Y) = Cov(X,Y) = E((X—p)(Y —py)) = ox

We can also define the correlation coefficient:

Cov(X,Y)

X,Y) = ———= =
:0(’) ox 0y Pxy

which is the number between —1 and +1.
When two variables are independent, their correlation is zero:
h(x,y) = f(x)-gly) = Cov(X,Y) = p(X,Y) =0

But the opposite statement is not true!
Vanishing correlation does not guarantee that variables are independent!
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Correlations between variables P

Covariance
The role of covariance can be best shown on a simple example.
Let us consider random variable Z = X + Y. The expected value of Z:

E(Z) = E(X)+E(Y) = px+py
The variance of Z:
V(Z) = E((X+Y — e — py)?)
= E((X = m)® + (Y = 1y)? +2(X = ) (Y = py))
= V(X)+V(Y)+2Cov(X,Y)
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Correlations between variables P

Covariance
The role of covariance can be best shown on a simple example.
Let us consider random variable Z = X + Y. The expected value of Z:

E(Z) = E(X)+E(Y) = px+py
The variance of Z:
V(Z) = E((X+Y — e — py)?)
= E((X = m)® + (Y = 1y)? +2(X = ) (Y = py))
= V(X)+V(Y)+2Cov(X,Y)

02 = o2 + 0}2, + 2pxy0x0y
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Correlations between variables P

Covariance
The role of covariance can be best shown on a simple example.
Let us consider random variable Z = X + Y. The expected value of Z:

B(Z) = BOO+E(Y) = oty
The variance of Z:
V(Z) = E((X+Y — e — py)?)
= E((X = )® + (Y = 1) +2(X = (Y = 1))
= V(X)+V(Y)+2Cov(X,Y)
0 = 0% + 0, + 2pyox0y
Correlation of input variables can have significant impact on result:

(UX_Uy)2 < ‘73 < (Ux+ay)2

A.F.Zarnecki Statictical analysis 04 October 24, 2024
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Correlations between variables

Sample covariance
The true covariance/correlation between variables is usually unknown.

We want to estimate it from the set of N measurements (x;, ;).
For unbiased estimate we should calculate sample covariance:

1
2 - _
Sy T N_1 Z(Xi - x)(yi —¥)
1
The sample correlation coefficient is then defined as
s,
hy =
Sx Sy

where s, and s, are sample variances (with Bessel's correction).

October 24, 2024
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Correlations between variables -

2D Gaussian distribution

Normal distribution for two correlated variables X and Y

" :lpiy) ((X —;)2  2py(x —U/j;z(y —hy) by —;ﬁ)}

h(x,y) = Nexp [

where:

N =

2roxoy\ /1= pd,
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Correlations between variables -

2D Gaussian distribution

Normal distribution for two correlated variables X and Y

h(x,y) = Nexp [ -1 <(X ) 2p(x— )y — ) (v - uy)zﬂ

2(1—p2) o2 0x0y o2
where:

1
N =

2roxoy\ /1= pd,

Due to correlation, distribution of X for fixed Y (and of Y for fixed X) becomes narrower
than the marginal distribution !

VX[Y) = (1-p5) V(X)

A.F.Zarnecki
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Correlations between variables - %

2D Gaussian distribution

Graphical presentation of variable correlation: “one sigma” contour
R.L. Workman et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2022, 083C01 (2022)

0; “One sigma” contour: (x,y) values
resulting in h(x,y) = Nexp(—%)
A
0; : e
Ellipse long axis direction:
205y Ox0O
tan2¢ = 7/);}/ = 2y
oz — oy

Example case of negative correlation
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Correlations between variables -

Multiple variable case

Definition of covariance can be generalized to the set of N variables X;:

cj = Cov(Xi, Xj) = E((Xi —ui)(Xj — 1))
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Correlations between variables im

Multiple variable case

Definition of covariance can be generalized to the set of N variables X;:

cj = Cov(Xi, Xj) = E((Xi —ui)(Xj — 1))

We can present it in a form of the covariance matrix:

C11 Cl2 ... CN
21 22 ... OnN

C = .
CN1 Cn2 ... CNN

where diagonal elements correspond to variances of the variables
Cij = COV(X,', X,') = V(X,)

A.F.Zarnecki
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Correlations between variables P

Multiple variable case
Let us now consider linear combination of N random variables

N
Y = Z a; X,'
i=1
Expected value is given by (from the linearity of the mean)

py = Y aip

The variance can be calculated as:

5 o) = 5[ (S S
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Correlations between variables -

Multiple variable case
Let us now consider linear combination of N random variables

N
Y = Z a; X,'
i=1
Expected value is given by (from the linearity of the mean)

py = Y aip

The variance can be calculated as:

0}2, = V(Z&'X’) = E[(Za;X;—Za;u;)z}
= E <Za; (X;ui)> D X-w) || = e
i J ij
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Correlations between variables - %

Multiple variable case
The variance of linear combination of variables

2 E: -
O'y = ajaj Cjj
i
§ : 2 2 2 :
= a;o; + 2 ajaj 0j0j Pjj
i

i, j>i

factor 2 introduced due to j > i condition
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Correlations between variables

Multiple variable case
The variance of linear combination of variables

2 E: -
O'y = ajaj Cjj
i
§ : 2 2 2 :
= a;o; + 2 ajaj 0j0j Pjj
i

i, j>i

factor 2 introduced due to j > i condition

We can also write linear combination using vector notation:

y = al-x
where a and x are vectors (a1, ...,ay) and (x1,...,xy), and then
2 _ a7
o, = a'Ca
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Statistical analysis of experimental data > .

Measurements and their uncertainties

@ Error propagation

A.F.Zarnecki Statictical analysis 04 October 24, 2024



Error propagation >

Functions of Random Variables
So far, we have mainly discussed linear combinations of random variables. ..

Let us consider general case of functional dependence Y = Y/(X),
where X is a random variable with distribution f(x).

Probability density function for dependent variable Y is given by

dx

gly) = f(x)- dy

y=Ff(x)
assuming that y(x) is a single-valued function (one-to-one).

If the function considered is not single-valued (i.e. y(x) can not be inverted),
we need to divide X domain into subdomains, where this condition is met...

A.F.Zarnecki Statictical analysis 04 October 24, 2024



Error propagation -

Functions of Random Variables

Change of Variables can be also considered in multi-dimensional case

y = y(x)

where components of vector y are given by functions y;(x), i=1,..., N
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Error propagation -

Functions of Random Variables

Change of Variables can be also considered in multi-dimensional case

y = y(x)
where components of vector y are given by functions y;(x), i=1,..., N
Probability density function for dependent variables y is given by

gly) = f(x(y)) |/l
assuming that function y(x) is one-to-one and can be inverted, with
_ (f?X)
9y;

being the Jacobian of the variable transformation (square matrix)
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Error propagation S .

Mean of Functions of Random Variables

It is important to notice that

ry =E(y(x) # y(ux)

this relation holds only for linear dependencies but not in general case

It is not sufficient to know gy (reconstructed value of X)
= we need to know the probability density function for the variable X
or have access to individual measurements of X

A.F.Zarnecki
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Error propagation -

Mean of Functions of Random Variables

It is important to notice that

ry =E(y(x) # y(ux)

this relation holds only for linear dependencies but not in general case

It is not sufficient to know gy (reconstructed value of X)
= we need to know the probability density function for the variable X
or have access to individual measurements of X

Variance of Functions of Random Variables

In general, one has to calculate it from first principles, integrating over independent variable x
or summing over individual measurements.

However, if variance of X is small, approximate formula can be used...

A.F.Zarnecki Statictical analysis 04 October 24, 2024



Error propagation -

Variance of Functions of Random Variables

We can use Taylor series expansion about the means of variables x

y(x) ~ My+z Oxi

where we also approximate y(fix) = ji,

+ ...
Xi=[bi
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Error propagation o

Variance of Functions of Random Variables

We can use Taylor series expansion about the means of variables x

y(x ~ My + Z 6Xl

and, assuming the higher order terms can be neglected, we get

+ ...
Xi=[bi

El(y —py)’] = E (Z(Xi—ﬂi) gﬁi
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Error propagation -

Variance of Functions of Random Variables

We can use Taylor series expansion about the means of variables x

y(x ~ My + Z 6Xl

and, assuming the higher order terms can be neglected, we get

+ ...
Xi=[bi

El(y —py)’] = E (Z(Xi—ﬂi) gﬁi
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Error propagation -

General form

Covariance matrix for y = y(x) can be approximate as:

Oy 0
Cov( Yk, Y)) Z aik 87){’ ov(X;, X;)
! J
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Error propagation > .

General form

Covariance matrix for y = y(x) can be approximate as:

Oy 0
Cov( Yk, Y)) Z aik 87){’ ov(X;, X;)
i OXj

In matrix notation:

Cy = ACx AT

where A is a matrix of partial derivatives:

Jyi
Ay = =2
’ 0% |,

A.F.Zarnecki
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Error propagation -

Example

For a product of independent random variable powers:
= 104
i

we have
dy Q;

Ox; X;
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Error propagation -

Example

For a product of independent random variable powers:
1B
1

1
dy Qi

we have

Ox; X;
= variance of Y can be calculated as

dy dy
2 _
o, = E . Dx; O Cov(Xi, X))
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Error propagation -

Example

For a product of independent random variable powers:

y
1%
i
dy  «q;
ox; X,'y

we have

= variance of Y can be calculated as
dy dy ai \?
2 i 2
= E Xi, Xj) = E — :
% < 0x; OX; Cov( ) = ; (x,- y> i

as we assume variables are independent
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Error propagation -

Example

For a product of independent random variable powers:

y = J[x"

we have i
dy Q;

=L = =y
Ox; X;
= variance of Y can be calculated as

dy dy ai \?
2 _ 2
o, = E . Bx B Cov(Xi, X;) = E,- (Xi y> oF

Relative variance of the product is a quadratic sum of relative variances:
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Error propagation P

Example (2)

Consider cuboid with dimensions a, b and c.
Assuming lengths of the edges are measured with precision ¢, calculate the uncertainty on

cuboid volume V' and the total length L of the edges, and their correlation:

V.=a-b-c and L =4(a+b+c)

October 24, 2024
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Error propagation -

Example (2)

Consider cuboid with dimensions a, b and c.
Assuming lengths of the edges are measured with precision ¢, calculate the uncertainty on
cuboid volume V' and the total length L of the edges, and their correlation:

V.=a-b-c and L =4(a+b+c)

Solution
Assume measurements of a, b and ¢
(variables X) are independent:

a2 0 0
Cx = 0 o2 0
0 0 o2
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Error propagation -

Example (2)

Consider cuboid with dimensions a, b and c.
Assuming lengths of the edges are measured with precision ¢, calculate the uncertainty on
cuboid volume V' and the total length L of the edges, and their correlation:

V.=a-b-c and L =4(a+b+c)

Solution
Assume measurements of a, b and ¢ Matrix of partial derivatives for
(variables X) are independent: transformation to V and L (variables Y)
2
o 0 0 Oy bc ac ab
Y,
Cx = 0 o2 0 A:(8XI.>:< >
0 0 o2 i 4 4 4
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Error propagation -

Example (2)
Using the general formula:

b?c? + a®c® + a’b>  4(bc + ac + ab)
Cy = ACx AT = . o?
4(bc + ac + ab) 48

A.F.Zarnecki Statictical analysis 04 October 24, 2024



Error propagation -

Example (2)
Using the general formula:

b?c? + a®c® + a’b>  4(bc + ac + ab)

Cy = ACx AT = o2
4(bc + ac + ab) 48
resulting in:
oy = o- Vb2 + 222 + a2h2
oL = 43¢
1
oV, 1) = bc + ac + ab N
V/3(b2c2 + a2c? + a2b?) V3

Correlation is 1 for the cube (a=b=¢) !
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Statistical analysis of experimental data > .

Measurements and their uncertainties

e Variable simulation
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Variable simulation ’im

Direct Method

Let us assume we have a large number of uniformly distributed random numbers corresponding
to the uniform probability distribution:

0 forr<O
u(r) = 1 for0<r<1
0 forr>1

This type of uniform random number generators is commonly accessible in most systems and
numerical libraries.

Can we use uniform random number generator to generate random numbers from arbitrary
probability distribution f(x)?
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Variable simulation ’im

Direct Method

Very simple procedure can be used.
Let us consider cumulative distribution function for X, F(x):

P(X <x) = F(x)
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Variable simulation ’im

Direct Method

Very simple procedure can be used.
Let us consider cumulative distribution function for X, F(x):

P(X <x) = F(x)
By definition, probability distribution for U = F(X) is uniform:
F(u) = P(U<LSF(x)) = F(x) = u
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Variable simulation ’im

Direct Method

Very simple procedure can be used.
Let us consider cumulative distribution function for X, F(x):
P(X <x) = F(x)
By definition, probability distribution for U = F(X) is uniform:
F(u) = P(U<LSF(x)) = F(x) = u
dF (u)

f(u) = TZI
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Variable simulation ’im

Direct Method
Very simple procedure can be used.
Let us consider cumulative distribution function for X, F(x):
P(X <x) = F(x)
By definition, probability distribution for U = F(X) is uniform:
F(u) = P(U<LSF(x)) = F(x) = u
dF (u)

f(u) = TZI

If cumulative distribution function F(x) can be inverted, we can generate random numbers
from f(x) by using relation:

x = F7Yr)

where r is uniformly distributed random number (from u(r))
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Variable simulation ’im

Direct Method example 04_generation.ipynb
Nice example is Cauchy distribution:

1 1

)= 152

1 1
= F(x) = = -arctan(x) + 5
s

which can be easily inverted, resulting in:

)

where r is uniformly distributed random number
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Variable simulation

Direct Method example 04_generation.ipynb
Nice example is Cauchy distribution:

1 1 1 1
f(X) = ; . m = F(X) = ; . arCtan(X) + 5
Example generation, N = 100

Distribution of generated variable
0.45

E UL
S 04
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Q 035F
z E Re
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g E
5 o02f
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Variable simulation

Direct Method example 04_generation.ipynb
Nice example is Cauchy distribution:

1 1
T 14+ x2

f(x) =

1 1
= F(x) = = -arctan(x) + 5
s

Example generation, N = 1000

Distribution of generated variable
0.45

0.4
0.35
0.3
0.25
0.2
0.15

Fractional count per unit

i e
B P
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Variable simulation

Direct Method example 04_generation.ipynb
Nice example is Cauchy distribution:

1 1
T 14+ x2

f(x) =

1 1
= F(x) = = -arctan(x) + 5
s

Example generation, N = 10000

Distribution of generated variable
0.45

0.4
0.35
0.3
0.25
0.2
0.15

Fractional count per unit

i t
s o
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Variable simulation

Direct Method example 04_generation.ipynb
Nice example is Cauchy distribution:

1 1
T 14+ x2

f(x) =

1 1
= F(x) = = -arctan(x) + 5
s

Example generation, N = 100000

Distribution of generated variable
0.45

0.4
0.35
0.3
0.25
0.2
0.15

Fractional count per unit

g a
g o
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Variable simulation - %

von Neumann method

The direct method is very elegant and efficient, but requires that the invert of cumulative
distribution is known. This is not the case in many problems - solution is not general.
We need an alternative...

Example problem:

Probability distribution function

22
2
1.8
16
1.4
1.2
1
0.8
0.6
0.4
0.2

/ N

A ™,

il Ll Py

-1 -08 -06 -04 -02 0 02 04 06 08 f
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Variable simulation ’im

von Neumann method

The direct method is very elegant and efficient, but requires that the invert of cumulative
distribution is known. This is not the case in many problems - solution is not general.
We need an alternative...

Example problem:

0 for x < —1
f(x) = N[l— 1—(1—]x\)2} for —1<x<1
0 for x >1
where normalization factor
2
N =
4 —m

A.F.Zarnecki Statictical analysis 04 October 24, 2024



Variable simulation ’im

von Neumann method

We can notice that

fmax = max f(x) = N

X

Assume f(x) is non-zero only for a < x < b.

We can then apply the following procedure:
@ generate value x uniformly distributed in [a, b]
@ generate test variable r from uniform distribution ([0, 1[)

@ accept generated value of x, if r- fiax < f(x)
otherwise repeat from the beginning

This procedure is called von Neumann Acceptance—Rejection Technique
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Variable simulation

04 _generation2.ipynb

von Neumann method
Acceptance—Rejection Technique applied to the example problem:

Test generation, N = 10

Distribution of generated variable
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Variable simulation

04 _generation2.ipynb

von Neumann method
Acceptance—Rejection Technique applied to the example problem:

Test generation, N = 100

Distribution of generated variable

T F
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Variable simulation

von Neumann method

NN
W iy

04 _generation2.ipynb

Acceptance—Rejection Technique applied to the example problem:

Test generation, N = 1000

Distribution of generated variable

A.F.Zarnecki

Fractional count per unit
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Variable simulation

04 _generation2.ipynb

von Neumann method
Acceptance—Rejection Technique applied to the example problem:

Test generation, N = 10000

Distribution of generated variable
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Variable simulation Z

04 _generation2.ipynb

von Neumann method

Acceptance—Rejection Technique applied to the example problem:

Test generation, N = 100000

Distribution of generated variable
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We can perfectly reproduce the assumed probability distribution
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Variable simulation Z

04 _generation2.ipynb

von Neumann method

Acceptance—Rejection Technique applied to the example problem:

Test generation, N = 1000000

Distribution of generated variable

E F
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We can perfectly reproduce the assumed probability distribution
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Variable simulation Z

04 _generation2.ipynb

von Neumann method

Acceptance—Rejection Technique applied to the example problem:

Test generation, N = 1000000

Distribution of generated variable

E F
= F
& 05
o 5
S o4f i
o o
i /A
© 03
c F
5 | AR
5 0.2 F
w F
01 o /—" X
oL il R R \\
—1 -0.5 0 0.5 1

X
However, this procedure can not be directly applied if a or b — +o0
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Variable simulation ’im

General method
For PDF distributions with infinite domain we can combine direct and von Neumann methods.

Example: generate photon scattering angles for diffractive scattering

P02
f(X) _ N.sm X

x2
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Variable simulation ’im

General method
For PDF distributions with infinite domain we can combine direct and von Neumann methods.

Example: generate photon scattering angles for diffractive scattering

P02
f(X) _ N.sm X

2
One can check that this function is always smaller than:

3 1
gl = EN. 1+ x2

and both functions have similar asymptotic behavior.

Also, cumulative distribution function for g(x) can be inverted,
so we know how to generate random numbers with this distribution...
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Variable simulation ’im

General method

The following procedure can now be used:
@ generate value x distributed according to g(x)
@ generate test variable r from uniform distribution ([0, 1[)

@ accept generated value of x, if r < f(x)/g(x)
otherwise repeat from the beginning
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Variable simulation

General method 04_generation3.ipynb
Described procedure applied to the diffractive problem:

Test generation, N = 100

Distribution of generated variable
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Variable simulation

General method 04_generation3.ipynb
Described procedure applied to the diffractive problem:

Test generation, N = 1000

istribution of generated variable

Fractional count per unit
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Variable simulation Z

General method 04_generation3.ipynb
Described procedure applied to the diffractive problem:

Test generation, N = 10000

Distribution of generated variable

)
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Fractional count per unit
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Variable simulation
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General method 04_generation3.ipynb

Described procedure applied to the diffractive problem:

Test generation, N = 100000

Distribution of generated variable
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Variable simulation Z

General method 04_generation3.ipynb
Described procedure applied to the diffractive problem:

Test generation, N = 1000000

Distribution of generated variable
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We reproduce the expected probability distribution
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Variable simulation ’im

Gaussian Variable

Cumulative distribution function can not be inverted analytically.
However, we can use a simple trick, consider 2-D distribution:

glx.y) = %-exp <—;( 2+y2)>

for simplicity we assume px =y, =0and ox =0, =1
and change variables to polar coordinates:

g(R,0) = % R exp (—;R2> = h(R) - t(6)
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Variable simulation ’im

Gaussian Variable

Cumulative distribution function can not be inverted analytically.
However, we can use a simple trick, consider 2-D distribution:

glx.y) = %-exp <—;(X2+y2)>

for simplicity we assume px =y, =0and ox =0, =1
and change variables to polar coordinates:

g(R,6) — % R exp (—;R2> — h(R) - (6)

Cumulative distribution functions can be now considered for R and 0:

H(R) =1 —exp <—;R2> T(0) = % 0

where R>0and 0 <60 <27
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Variable simulation

Gaussian Variable
Cumulative distribution functions for r and 8 can be inverted resulting in the following formula
for generation of a pair of random variables:

R = /-2In(l—n)
0 = 2mn

where r; and r; are two independent uniformly distributed random numbers
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Variable simulation ’im

Gaussian Variable
Cumulative distribution functions for r and 8 can be inverted resulting in the following formula
for generation of a pair of random variables:

R = /-2In(l—n)

0 = 2mn
where r; and r; are two independent uniformly distributed random numbers
We can now transform back to the (x,y) plane:

x = R cosf = /=2In(l—r)-cos(2m r)

y = Rsinf = /=2In(1—r)-sin(27 )

= from pair (r1, r2) of uniform distributed numbers we get a pair (x,y) of independent (!)
random numbers from normal distribution
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Variable simulation ’im

Correlated 2D Gaussian

What, if we need to generate pair (x,y) of correlated random numbers?

For 2-D Gaussian distribution it can be done by smart “rotation” of variables. Rotation angle:

1 .
¢ = Earcsm(pxy)
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Variable simulation ’im

Correlated 2D Gaussian

What, if we need to generate pair (x,y) of correlated random numbers?

For 2-D Gaussian distribution it can be done by smart “rotation” of variables. Rotation angle:

1 :
$ = 5 arcsin(pxy)
Then we can generate correlated pair of variables using the formula:

g1cos¢ + gosing
= g1sing + grcos¢

where (g1, g2) is a pair of independent random numbers from Gaussian distribution
(assuming o = 1 in all cases)

A.F.Zarnecki Statictical analysis 04 October 24, 2024



Statistical analysis of experimental data > .

Measurements and their uncertainties

@ Homework
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Homework

Consider production of rectangular tables with length ¢ = 1.4 m and width w = 1.0m.
Tolerance of production process (standard deviation) is o, =2 mm for the table length
and o, =1 mm for the table width:

@ what is the expected variation (standard deviation) of the surface of the table,
assuming table length and width are independent variables?

@ what is the expected variation of the total length of the table sides?
@ what is the expected correlation between the surface and the total edge length?

@ perform numerical experiment generating table lengths and widths from the Gaussian
distribution to confirm the result.

Solutions should be uploaded until November 6.
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