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Statistical analysis of experimental data > .

Least-squares method (2)

@ Non-linear fit procedure
© F-test
© Constrained fit

@ Homework
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x? distribution

Maximum Likelihood Method see lectures 05 and 06

Let us consider N independent measurements of variable Y. Assuming measurement
fluctuations are described by Gaussian pdf, the likelihood function is:

L = |N| G(yi; i 07) = |N| L exp <_1(y,- _Mi)2>
- I 1B 1 - 2
paley oV 2T 2 o

i=1

Log-likelihood: ] (i — i) assuming o; are known
l = —5 Z T + const
We can define N ,
X2 = -20= -2l = Z(y; 0.2M)

i=1 !

Maximum of (log-)likelihood function corresponds to minimum of x?
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x? distribution o

x? distribution

We conclude that distribution of x? is described by Gamma pdf with:

N 1
k = E and A\ = 5
Properties of the x? distribution (Gamma pdf: see lecture 03)
k
2
= — = N
x7) 3
k
V(%) = IV 2N

V(x?) = 0. = V2N

For small N, value of x? is a subject to large fluctuations...
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x° distribution -2

x? distribution

Results of the Monte Carlo sample generation (compared with predictions)

%2 distribution for N= 6 Mean 5976
0.14 Std Dev  3.456
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It is interesting to note that maximum position, x2,, = N — 2 (!11)
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x? distribution o

Reduced y?

When discussing consistency of large data samples it is often convenient to use value of

“reduced y?": )

g =
red N

Distribution of Xfed is again described by the Gamma pdf with

N N
k = 5 and \ = 5
Properties of the distribution:
2 2
<Xged> =1 V(X%ed) = Ui%ed = N Xged p=max =1- N (N > 2)
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Linear Regression %

\,
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\E \ '

General case

We introduced x? in a very general form:
2
2 _ (vi — pi)
=) o2

i=1 i

where different u; and o; are possible for each of N measurement y;

It is quite often the case that values of u; depend on some controlled variables x; and a
smaller set of model parameters:

pi = p(xi;a)

we can then use the least-squares method to extract the best estimates of parameters a from
the collected set of data points (x;, y;)

We can look for minimum of x? using different numerical algorithms...
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Linear Regression ’im

Linear case

The case which is particularly interesting is when the dependence is linear in parameters (!):

M
p(xia) = Y ax fix)
k=1

where f(x) is a set of functions with arbitrary analytical form.

One of the examples is the polynomial series:
M
fil(x) = xk = u(x;a) = Zak xk=1
k=1

but any set of functions can be used, if they are not linearly dependent.
Set of functions ortogonal for a given set of points x; should work best...
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Linear Regression ’im
Bonamente

Parameter fit
We obtain a set of M equations for M parameters a;:

Zf’x’ ( Zakka,) — 0 I=1...M

i—1 i

which can be rewritten as:

k=1 \i=1 ! i=1
or in the matrix form: A-a = b
N N
fi i f) i fi i) Yi
where Ay = Z 1) 2k(x) and by = Z I(X2)y
o o
i i=1 i
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Linear Regression ’im

Parameter fit

Solution of this set of equations can be obtained by inverting matrix A
a = Al.b

This also gives us the estimate of parameter covariance matrix:

2 -1 2.2 \ 1
C, = _ﬁ — laix — A1
Oa; Day 2 0a; Dak

Ca = (N fi(xi) fk(Xi)>_1

2
1 i

One can write

Expected uncertainties of the extracted parameter values depend on the choice of
measurement points x; but, surprisingly, do not depend on the actual results y;
= very useful when planning the experiment...
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Linear Regression ’im

Polynomial fit example

For clarity of notation, it is convenient to change parameter numbering to k, / =0... M
(for polynomial fit of order M, M + 1 parameters).

N X(H—k) N XI yi
A/k = E ’0_2 and b/ E 10-2’
i=1 i i=1 i
For uniform uncertainties it is then:
M
1 Xi . X Vi
2 M+1
A=) b=~
0% 4 : : g% 4 :
=1 . . =1
M M-+1 2M M
X/ Xi Xi Yi X/

quite simple to implement...
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Statistical analysis of experimental data > .

Least-squares method (2)

@ Non-linear fit procedure
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Non-linear fit procedure -

General case

We consider x? in a general form:

N 2
X2(a) _ Z(YI Uzﬂ/)
i=1 !

where in general different o; are allowed for each of N measurements y;.
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Non-linear fit procedure -

General case

We consider x? in a general form:

N 2
X2(a) = Z(yl U_QMI)
i=1 !

where in general different o; are allowed for each of N measurements y;.
Values of u; depend on some controlled variables x; and a set of model parameters a:
pi = plxi;a)

We look for the best estimate of a, which should correspond to the global minimum of y?(a)
for given set of data points (x;, ;).
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Non-linear fit procedure -

General case

We consider x? in a general form:

2 L (i — i)’
x“(a) = Z 2
, o;
i=1 !
where in general different o; are allowed for each of N measurements y;.
Values of u; depend on some controlled variables x; and a set of model parameters a:
pi = plxi;a)

We look for the best estimate of a, which should correspond to the global minimum of y?(a)
for given set of data points (x;, ;).

For linear problem, this minimum can be found directly... (lecture 08)
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Non-linear fit procedure -

General case

We consider x? in a general form:

2 L (i — i)’
x“(a) = Z 2
, o;
i=1 !
where in general different o; are allowed for each of N measurements y;.
Values of u; depend on some controlled variables x; and a set of model parameters a:
pi = plxi;a)

We look for the best estimate of a, which should correspond to the global minimum of y?(a)
for given set of data points (x;, ;).

For linear problem, this minimum can be found directly... (lecture 08)

For non-linear problems, we need to use iterative procedures...
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Non-linear fit procedure

Iterative procedure (Brandt)

We start from some “initial guess” of parameter values ag.
Assuming small variations of the model parameters, a = ag + da, we expand x? in a series:
2
x’(@) = x%*(@@)—2b-(a—ag)+...

where vector b is the negative gradient of x?:

N
1o 2 10x* yi—pi O
b 2 v X (aO) J 2 831' Iz_; 01'2 6aj
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Non-linear fit procedure

Iterative procedure (Brandt)
We start from some “initial guess” of parameter values ag.
Assuming small variations of the model parameters, a = ag + da, we expand x? in a series:

X2(@) = x*(ag)—2b-(a—ag)+...

where vector b is the negative gradient of x?:

N
1 10x° yi—pi O
b= —Z= 2 by = —— & — .
2 v X (aO) J 2 831' Iz_; 01'2 6aj

Vector b defines the direction of steepest y? descent.
One of the possible procedures is to make a step in this direction:
a; = a + €b

with small € > 0 and then repeat the whole procedure...
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Non-linear fit procedure -

Iterative procedure (Brandt)
We can try to be “smarter”. Expanding x? to quadratic term:
x’(@) = x%*(@g)—2b-(a—ag)+ (a—ag)TA(a—ag)+...
where A is the so called Hessian matrix of second derivatives:
1 972

A _ - _Z A
Ik 2 331' 03/(

a=aqg
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Non-linear fit procedure -

Iterative procedure (Brandt)

We can try to be “smarter”. Expanding x? to quadratic term:
x’(@) = x%*(@g)—2b-(a—ag)+ (a—ag)TA(a—ag)+...

where A is the so called Hessian matrix of second derivatives:

1 922 N1 oou ou
Aj = ; ~ D o
i=1

5 331' 03/( ; ‘ 331' . 8ak

1

02/41'
aaj aak

(neglecting

a=aqg
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Non-linear fit procedure -

Iterative procedure (Brandt)

We can try to be “smarter”. Expanding x? to quadratic term:
x’(@) = x%*(@g)—2b-(a—ag)+ (a—ag)TA(a—ag)+...

where A is the so called Hessian matrix of second derivatives:

1 922 N1 oou ou
Aj = ; ~ D o
i=1

5 331' 03/( ; ‘ 331' . 8ak

1

02/41'
aaj aak

(neglecting

a=aqg
In this approximation, we can calculate the expected position of the x? minimum:

Vx*a) = —2b + 2A (a—ap)
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Non-linear fit procedure P

Iterative procedure (Brandt)

We can try to be “smarter”. Expanding x? to quadratic term:
x’(@) = x%*(@g)—2b-(a—ag)+ (a—ag)TA(a—ag)+...

where A is the so called Hessian matrix of second derivatives:

1 922 N1 oou ou
Aj = ; ~ D o
i=1

5 331' 33/( ; ‘ 331' . 8ak

1

& i
&‘aj aak

(neglecting

a=aqg

In this approximation, we can calculate the expected position of the x? minimum:
Vx*(a) = —2b +2A(a—ay) =0

= am = ap + A™'b

and we can try to “jump” directly to the minimum...
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Non-linear fit procedure

Iterative procedure (Brandt)

Efficiency of the iterative procedure depends strongly on the model and the data used,
but also on the initial choice of model parameters ag.
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Non-linear fit procedure

\,
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Iterative procedure (Brandt)

Efficiency of the iterative procedure depends strongly on the model and the data used,
but also on the initial choice of model parameters ag.

If our “initial guess” is close to the true (global) minimum, procedure based on the Hessian
matrix inversion is very efficient and converges fast.

However, it can be unstable, if we start too far from the actual minimum...
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Non-linear fit procedure Z

Iterative procedure (Brandt)

Efficiency of the iterative procedure depends strongly on the model and the data used,
but also on the initial choice of model parameters ag.

If our “initial guess” is close to the true (global) minimum, procedure based on the Hessian
matrix inversion is very efficient and converges fast.
However, it can be unstable, if we start too far from the actual minimum...

Iterative procedure based on the gradient calculation is much slower, but it much more robust.
It finds the minimum even when starting from a parameter space point far away from it.
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Non-linear fit procedure Z

Iterative procedure (Brandt)

Efficiency of the iterative procedure depends strongly on the model and the data used,
but also on the initial choice of model parameters ag.

If our “initial guess” is close to the true (global) minimum, procedure based on the Hessian
matrix inversion is very efficient and converges fast.
However, it can be unstable, if we start too far from the actual minimum...

Iterative procedure based on the gradient calculation is much slower, but it much more robust.
It finds the minimum even when starting from a parameter space point far away from it.

There are many different numerical algorithms for solving this problem, and there is no
universal “best choice” ...

One of the main problems in minimization is that finding the minimum does not guarantee
that it is a global minimum...
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Non-linear fit procedure P

Marquardt Minimization (Brandt)
One of the popular approaches, combining the two previously discussed:
aj+1 = aj + A7 b (/\E 1/8) a1 = a; + A7b

“small steps” “jump to minimum”
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Non-linear fit procedure B

Marquardt Minimization (Brandt)

One of the popular approaches, combining the two previously discussed:
a1 = a + (A—l—/\-ﬂ)_lb

where the value of A\ determines the performance of the algorithm:

@ for A > 1 we make a small step along the gradient direction

which corresponds to the gradient minimization with € = %

o for A < 1 we try to “jump” directly to the minimum position
Hessian matrix solution is reproduced for A — 0
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Non-linear fit procedure B

Marquardt Minimization (Brandt)

One of the popular approaches, combining the two previously discussed:
a1 = a + (A—l—/\-ﬂ)_lb

where the value of A\ determines the performance of the algorithm:
@ for A > 1 we make a small step along the gradient direction

which corresponds to the gradient minimization with € = %

o for A < 1 we try to “jump” directly to the minimum position
Hessian matrix solution is reproduced for A — 0

The key element proposed by D.W.Marquardt (1963) was to use variable A\ parameter,
adjusting its value to the results of the previous step...
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Non-linear fit procedure P

Marquardt Minimization (Brandt)

The following algorithm can be used:

© Take initial parameter values ag resulting in x? value of 3.
Assume \g = 0.01.
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Non-linear fit procedure -

Marquardt Minimization (Brandt)

The following algorithm can be used:

© Take initial parameter values ag resulting in x? value of 3.
Assume \g = 0.01.

@ Calculate matrix A and vector b for current a;.
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Non-linear fit procedure -

Marquardt Minimization (Brandt)

The following algorithm can be used:

© Take initial parameter values ag resulting in x? value of 3.
Assume \g = 0.01.

@ Calculate matrix A and vector b for current a;.
© Calculate new parameter vector:
—1
a1 = a + (A+XN-I)""b
and calculate the corresponding value of X,?H
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Non-linear fit procedure P

Marquardt Minimization (Brandt)

The following algorithm can be used:
© Take initial parameter values ag resulting in x? value of 3.
Assume \g = 0.01.
@ Calculate matrix A and vector b for current a;.
© Calculate new parameter vector:
a1 = a + (A—i—)\i'ﬂ)_lb
and calculate the corresponding value of X,?H
© Compare with the previous iteration:
o If X?+1 < X?:
=- accept the new parameter set and decrease )\ by factor 10
o If X,?H > X,?:
= keep old parameter values (a;;1 = a;) and increase A\ by factor 10
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Non-linear fit procedure -

Marquardt Minimization (Brandt)

The following algorithm can be used:
© Take initial parameter values ag resulting in x? value of 3.
Assume \g = 0.01.
@ Calculate matrix A and vector b for current a;.
© Calculate new parameter vector:
a1 = a + (A—i—)\i'ﬂ)_lb
and calculate the corresponding value of X,?H
© Compare with the previous iteration:
o If X?+1 < X?:
=- accept the new parameter set and decrease )\ by factor 10
o If X,?H > X,?:
= keep old parameter values (a;;1 = a;) and increase A\ by factor 10

© lterate points 2—4 until required precision reached
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Non-linear fit procedure

Marquardt Minimization example

Fitting Fourier series to

09_fitl.ipvnb

\,
\
\E\\ )

CO Open in Colab

Fit result for Nfun =4 y?= 25.78/16
4 t
0.4
example data set +/¥ AN
0.2 8
t [N
= ’+
= 0.01 (\ */
—0.21 \0\\ ’
\+\\ A
\‘\ +//
—0.4]
R
-1.00 —-0.75 —-0.50 —0.25 0.00 0.25 0.50 0.75 1.00

X
y(x) = a1+ azsin(ag x) + a3 cos(agp x)
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https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/09_Least-squares_method_2/09_fit1.ipynb

Non-linear fit procedure

Marquardt Minimization example

\,
\
\E\\ )

CO Open in Colab

09_fitl.ipvnb
Fit result for Nfun =6 x2= 19.90/14
Fitting Fourier series to o v b
example data set ' AR
0.2 18
*\\
\;‘ OO *\\\ /*’1
b
-0.21 S
A &
pX /+/
~0.4] S
y
-1.00 —0.75 —0.50 —0.25 0.00 050 0.75 1.00
M X
y(x) =

n=1
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Non-linear fit procedure

Marquardt Minimization example
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09_fit1.ipvnb
Fit result for Nfun =8 2= 11.39/12
Fitting Fourier series to 04 Jens
example data set ' y,/i»’ .
0.2 b
¥ §
- 4
< ] )
= %0 A
1*/,
—-0.21 6\ a
kN £
\* F"
~0.4]
\’___*
-1.00 —0.75 A;olso —0.25 0.00 025 050

y(x) =
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Non-linear fit procedure

Marquardt Minimization example
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09_fit1.ipvnb
Fit result for Nfun =10 x2= 11.30/10
Fitting Fourier series to o 4t
example data set ' F/# AN
0.2 1
A '
- ¥
= ] )i )
\;‘ OO k\\ /4/
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—-0.21 6\\ ra
kY A
\* +/,’
—0.4]
f”*
-1.00 -0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
M X
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Non-linear fit procedure

Marquardt Minimization example

Fitting Fourier series to

0.4
example data set

09_fitl.ipvnb
Fit result for Nfun =12 x?= 7.83/8

\,
\
\E\\ )

CO Open in Colab

0.2

0.0

y(x)

—0.2 b,

—0.4]

AR

-
/
/
*«

/’+_‘_*\‘\

1/¥ *\\

-1.00 —-0.75 —-0.50 —0.25 0.00
M

y(x) =
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Non-linear fit procedure im
Marquardt Minimization example 09_fit2.ipynb
Fit converges fast when the initial values are “correct”  (ag = 3)
Fit iterations for Nfun = 4
0.416
0.414+
0.4124
0.4101
& 0.4081
0.406
*
0.404-
0.4021
0.400
3.00 3.05 3.10 3.15 3.20 3.25
Po
y(x) = a1+ azsin(ap x) + az cos(ap x)
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Non-linear fit procedure ow
Marquardt Minimization example 09_fit2.ipynb
Much slower convergence when the initial values are “wrong” (ap = 6)
Fit iterations for Nfun = 4
0.4 *
0.3
Q 0.2
0.14
0.0+
2 3 4 5 6
Po
y(x) = a1+ azsin(ap x) + az cos(ap x)
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https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/09_Least-squares_method_2/09_fit2.ipynb

NN
W iy

Non-linear fit procedure ;

Marquardt Minimization example 09_fit2.ipynb
“Wrong" initial values can result in “strange” results...  (ag = 6)
Fit iterations for Nfun = 6
0.4 *
0.3
0.2
0.1
g
0.0
-0.1
-0.2
-0.3
2 3 4 5 6
2 Po
y(x) = a1+ Z azp sin(nagx) + aznp+1 cos(napx)
n=1
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https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/09_Least-squares_method_2/09_fit2.ipynb

NN
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Non-linear fit procedure ;

Marquardt Minimization example 09_fit2.ipynb
“Wrong" initial values can result in “strange” results...  (ag = 6)

Fit iterations for Nfun = 6

0.6

0.5

0.4

0.3

Pa

0.2

0.1

0.0 *

-0.1

2 3 4 5 6
2 Po
y(x) = a1+ Z azp sin(nagx) + aznp+1 cos(napx)

n=1
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Non-linear fit procedure

Marquardt Minimization example

“Wrong" initial values can result in “strange” results...

y(x)

A.F.Zarnecki

0.4

0.2

0.0

-0.2

—-0.4

NN
W iy

09_fit2.ipynb
(a0 = 6)
Fit result for Nfun=6 2= 33.91/14
R4
A4
A i
A S
¥
t
h, ¥
kN ¥
ey %
\t\\ 1 +
by
-1.00 —01725 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
X
a; + Z aznsin(nagx) + azpy+1 cos(napx)

n=1
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Non-linear fit procedure ;

Marquardt Minimization example 09_fit2.ipynb
Finding “wrong” minima can also result in high parameter correlations ~ (ap = 1)

Fit iterations for Nfun = 8

0.4 *
0.2
0.0
q
-0.2
—-0.4
—0.61, i i i i i
0.5 1.0 15 2.0 2.5 3.0
3 Po
y(x) = a1+ E azp sin(nagx) + aznp+1 cos(napx)
n=1
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NN
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Non-linear fit procedure ;

Marquardt Minimization example 09_fit2.ipynb
Finding “wrong” minima can also result in high parameter correlations ~ (ap = 1)

Fit iterations for Nfun = 8

*

—0.2 3 0.0 0.2 0.4 0.6
Pa
y(x) = ai+ Z aznsin(nagx) + azpy+1 cos(napx)

n=1
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Non-linear fit procedure

Marquardt Minimization example 09_fit2.ipynb

Finding “wrong” minima can also result in high parameter correlations ~ (ap = 1)

Fit result for Nfun =8 x2= 30.09/12

0.4 e
0.2 +4 4

0.0 b’

y(x)

—0.2

Ve
-0.4 IR}

-1.00 —o‘.735 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
X

y(x) = a1+ Z azp sin(nagx) + aznp+1 cos(napx)

n=1
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Non-linear fit procedure

A
[ NY»

Marquardt Minimization example 09_fit2.ipynb
Result of the same fit with “better” initial values  (ap = 2)

Fit result for Nfun =8 2= 18.08/12
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Non-linear fit procedure -

Using derivatives

There are many different algorithms with multiple implementations (libraries and programs)
for least-square fits of model parameters.

However, general algorithms need to be based on numerical calculation of model function
derivatives.

Using dedicated code, with analytical derivative calculation (as in the presented examples)
has advantages:

@ number of calls to model function significantly reduced (speed)
@ better precision of derivatives/numerical stability

@ possibility to tune fit performance to particular needs to further improve fit efficiency
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Non-linear fit procedure P

Using derivatives

There are many different algorithms with multiple implementations (libraries and programs)
for least-square fits of model parameters.

However, general algorithms need to be based on numerical calculation of model function
derivatives.

Using dedicated code, with analytical derivative calculation (as in the presented examples)
has advantages:

@ number of calls to model function significantly reduced (speed)

@ better precision of derivatives/numerical stability

@ possibility to tune fit performance to particular needs to further improve fit efficiency

When large number of fits is to be performed to similar sets of data, one should consider
implementing his/hers own fit procedure...
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Non-linear fit procedure

Using SciPy 09_fitL.ipynb

There are many non-linear fit procedures available in different libraries.
There can be used provided we do understand what they do!

One should always check documentation for the description of input, output and options.
There are traps!...

Example is curve_fit procedure from SciPy.

For correct function fit and uncertainty estimate one should remember to:
@ specify input data uncertainties (sigma parameter)
e switch off x? scaling (absolute_sigma=True)

@ set initial parameter values (p0 parameter )
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Non-linear fit procedure Z

Using SciPy 09_fitL.ipynb

There are many non-linear fit procedures available in different libraries.

There can be used provided we do understand what they do!

One should always check documentation for the description of input, output and options.
There are traps!...

import numpy as np
from scipy.optimize import curve_fit

par, Cov = curve fit(myfun, xvec, yvec, pO=parini, sigma=svec, absolute_sigma=True)

epar = np.sqrt(np.diagonal(Cov))
Corr = Cov/np.outer(epar,epar)
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Statistical analysis of experimental data > .

Least-squares method (2)

© F-test
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F-test ;

Comparison of variances

If the precision of the measurement is known, we can calculate the x? value resulting from the
fit (or arithmetic averaging in the simplest case) to verify the consistency of the procedure
(measurement uncertainty estimate in particular).

However, we can also compare two independent series of measurements to check, if they are
consistent. We can do it even, if our estimate of experimental uncertainties is not very reliable.

One can consider it as a procedure to compare two different estimates of the variance of the
measurement, and check if they are compatible.
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F-test Z

Comparison of variances

If the precision of the measurement is known, we can calculate the x? value resulting from the
fit (or arithmetic averaging in the simplest case) to verify the consistency of the procedure
(measurement uncertainty estimate in particular).

However, we can also compare two independent series of measurements to check, if they are
consistent. We can do it even, if our estimate of experimental uncertainties is not very reliable.

One can consider it as a procedure to compare two different estimates of the variance of the
measurement, and check if they are compatible.

We define the random variable F as: introduced by R.A.Fisher in 1924
X1/ N
X3/ N2
where X% and X% are x2 values (or sample variances, if we set o = 1) of the two independent
measurements with Ny and N, degrees of freedom.
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F variable distribution

Distribution of the Fisher's F variable is given by:

N _N1+N2
N- 2
F(FiNi, Np) = A(Ny, Np) F 22 <1+N1 F)

>
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F variable distribution

Distribution of the Fisher's F variable is given by:

N _N1+N2
N- 2
F(Fi Ny, No) = A(Np, Np) F 21 (1 + ﬁl F
2
Expected (mean) value of F is slightly above one:
N>
F = N 2
() Ny — 2 2
and the variance is:
2 NZE(Ny+ Np—2
V(F) = . 5(N1 + N )

Ny (Na—2)2(Np — 4)
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F variable distribution

Distribution of the Fisher's F variable is given by:

N _N1+N2
N- 2
RN ) = AN M) F 2 (1 )
2
Expected (mean) value of F is slightly above one:
N>
F) = Ny > 2
(F) Ny — 2 2 >
and the variance is:
2
V(F) ~ —
(F) ~

(for Ny > Nj; ratio variance is deominated by the variance of the reduced 2 with Nq d.o.f.)
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F variable distribution

Example distributions of the Fisher's F variable

F-test distribution for N1=1, N,=20

A
\ 1

09_F-test.ipynb
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09_F-test.ipynb

F variable distribution

Example distributions of the Fisher's F variable
F-test distribution for N1=1, N,=20
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F variable distribution

Example distributions of the Fisher's F variable

F-test distribution for N1=3, N,=20
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F variable distribution

Example distributions of the Fisher's F variable
F-test distribution for N1=3, N,=20
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F variable distribution 09_F-test.ipynb

Example distributions of the Fisher's F variable

F-test distribution for N;=10, N>=20

0.8
0.7
0.6
>
fn
=05
04
<t
203
0.2
0.1

0.0
0 1 2 3 4 5

F-test value

A.F.Zarnecki Statictical analysis 09 November 28, 2024


https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/09_Least-squares_method_2/09_F-test.ipynb

NN
W iy

F-test /
09_F-test.ipynb

F variable distribution

Example distributions of the Fisher's F variable
F-test distribution for N;=10, N>=20
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Significant tail of high values, even for relatively large Ny, N>...

November 28, 2024

Statictical analysis 09

A.F.Zarnecki


https://colab.research.google.com/github/zarnecki/SAED/blob/2024_2025/09_Least-squares_method_2/09_F-test.ipynb

NN
W iy

F-test /
09_F-test.ipynb

F variable distribution

Example distributions of the Fisher's F variable

F-test distribution for N;=20, N>=20
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Significant tail of high values, even for relatively large Ny, N>...
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F variable distribution

Example distributions of the Fisher's F variable
F-test distribution for N;=20, N>=20

Probability

0 1 2 3 4 5
F-test value

Significant tail of high values, even for relatively large Ny, N>...
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F-test

When the calculated value of F is large, F > 1, we can conclude that the two considered data
sets are not consistent...

However, we need to be careful, as large fluctuations possible!

Conclusion can depend on the assumed confidence level for F, i.e. the maximum probability
we allow for given (or higher) value to result from the statistical fluctuations in the
(consistent) data sets.
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F-test

When the calculated value of F is large, F > 1, we can conclude that the two considered data
sets are not consistent...

However, we need to be careful, as large fluctuations possible!

Conclusion can depend on the assumed confidence level for F, i.e. the maximum probability
we allow for given (or higher) value to result from the statistical fluctuations in the

(consistent) data sets.

We can define critical value of F, F,, corresponding the the frequentist upper limit for given
confidence level CL:

Ferit +00
/ dF f(F) = CL / dF f(F) = 1—CL = p
0

crit

A.F.Zarnecki Statictical analysis 09 November 28, 2024



8 g
\E\'//

F-test Z

F-test (Brandt)

“Critical values” of F for small numbers L — Fp
of degrees of freedom N; and N> = 0950=FP= ) (s fi, ) dF

&

N1 fi

1 2 3 4 5 6 7 8 9 10
161.4 199.5 215.7 224.6 230.2 234.0 236.8 238.9 240.5 241.9
18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38 19.40
10.13 9.552 9.277 9.117 9.013 8.941 8.887 8.845 8.812 8.786
7.709 6.944 6.591 6.388 6.256 6.163 6.094 6.041 5.999 5.964
6.608 5.786 5.409 5.192 5.050 4.950 4.876 4.818 4.772 4.735
5.987 5.143 4.757 4.534 4.387 4.284 4.207 4.147 4.099 4.060
5.591 4.737 4.347 4.120 3.972 3.866 3.787 3.726 3.677 3.637
5.318 4.459 4.066 3.838 3.687 3.581 3.500 3.438 3.388 3.347
5.117 4.256 3.863 3.633 3.482 3.374 3.293 3.230 3.179 3.137
4.965 4.103 3.708 3.478 3.326 3.217 3.135 3.072 3.020 2.978

>

O 00 1 QN L AW —

—_
=
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F-test 09_F-limit.ipynb

Plot of “critical values” of F for Nb =10

Critical F-test curves for N,=10
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Plot of “critical values” of F for N» =20

Critical F-test curves for N;=20
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Variations decresase with the size of the reference sample
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F-test for fit model

(Bonamente)
It turns out that the F variable can also be used to test our fit model.

Let us assume we have a model with m adjustable (free) parameters, which we apply to the
set of N data points. Are all model parameters relevant?
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(Bonamente)

F-test for fit model

It turns out that the F variable can also be used to test our fit model.

Let us assume we have a model with m adjustable (free) parameters, which we apply to the
set of N data points. Are all model parameters relevant?

We can consider “reduced” version of model with m — Am parameters.
It is clear that the resulting x? value will be larger:

X%mfAm) = >C%m) + sz
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F-test for fit model (Bonamente)

It turns out that the F variable can also be used to test our fit model.

Let us assume we have a model with m adjustable (free) parameters, which we apply to the
set of N data points. Are all model parameters relevant?

We can consider “reduced” version of model with m — Am parameters.
It is clear that the resulting x? value will be larger:

2 2 2
X(m—am) — X(m) + Ax
If reduced model is equivalent to the “full” one, distribution of Ax? is given by the x?
distribution with Am degrees of freedom. We can test this hypothesis by considering:
Ax?/Am

T iN-m)

where we need to note that X2m and Ax? are independent.
A.F.Zarnecki Statictical analysis 09 November 28, 2024
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F-test
09_fit3.ipynb

F-test for fit model
Example of F-test application. We can try to fit the data with polynomial background

(3 parameters) and two Gaussian peaks (343 parameters).

— 100
S

Fit result for Nfun =9 x? = 14.09/11
175 2
150 i
125 /
i
; }
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00.fit3.ipynb

F-test for fit model
Is the second signal component really needed?!

Example of F-test application.
Fit with one peak gives a reasonable description of the data as well.

Fit result for Nfun =6 2= 23.43/14
175 7

150 b

y(x)
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F-test for fit model

Example of F-test application.
N=20 m=9

X{m) & 14.00 X{m)/(N — m) ~ 1.281
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F-test for fit model

Example of F-test application.
N=20 m=9 Am=3
X{m) & 14.00 X{m)/(N — m) ~ 1.281

Ax? ~9.35 Ax?/Am ~ 3.12
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F-test for fit model

Example of F-test application.
N=20 m=9 Am=3
X{m) ~ 14.09 X{m)/ (N — m) ~1.281
Ax? ~9.35 Ax?/Am ~ 3.12

~ 243
0.12

Q

p

There is about 12% chance that the improvement in the fit result, when adding the second
signal component, was only due to the statistical fluctuations in the data...
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F-test for fit model

Example (2). Significantly reduced measurement errors. Fit with one signal component.

Fit result for Nfun =6 x?= 151.38/14
175 ~

150 -

% 100 ;i

i \
75 !
50 : :

25 4 A
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F-test for fit model

Example (2). Significantly reduced measurement errors. Fit with two signal components.

Fit result for Nfun =9 y2= 12.77/11
175 2

150

2 100
75
50

25

0.0 0.2 0.4 0.6 0.8 1.0
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F-test for fit model

Example (2) of F-test application.
N=20 m=9 Am=3
X{m) ~ 1277 X{m)/ (N — m) ~ 1.16
Ax? ~ 138.61 Ax?/Am ~ 46.20

~ 39.79
p ~ 3.4-107°

corresponding to about 4.5 o deviation...

Can not yet be claimed as discovery, but significant enough to be shown...
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Statistical analysis of experimental data > .

Least-squares method (2)

© Constrained fit

A.F.Zarnecki Statictical analysis 09 November 28, 2024



\,
\
\E \ '

Constrained fit >

Model constraints

Different quantities measured in our experiment can be related.

Relations, which are usually given in form of equations, can be due to theoretical predictions,
model assumptions or experimental constraints.
For example:
@ measurements of energy and momentum of the particle, are related by the invariant mass
formula E? = p? + m?
@ contribution of different channels to the particle decays are related by the total branching
ration of 100%
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Constrained fit -3

Model constraints

Different quantities measured in our experiment can be related.

Relations, which are usually given in form of equations, can be due to theoretical predictions,
model assumptions or experimental constraints.
For example:
@ measurements of energy and momentum of the particle, are related by the invariant mass
formula E? = p? + m?
@ contribution of different channels to the particle decays are related by the total branching
ration of 100%
@ contribution of different components to the measured distribution can be constrained by
the total normalization of the sample
@ distributions can be constrained by the acceptance of the detector
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Constrained fit -3

Model constraints

Different quantities measured in our experiment can be related.

Relations, which are usually given in form of equations, can be due to theoretical predictions,
model assumptions or experimental constraints.
For example:
@ measurements of energy and momentum of the particle, are related by the invariant mass
formula E? = p? + m?
@ contribution of different channels to the particle decays are related by the total branching
ration of 100%
@ contribution of different components to the measured distribution can be constrained by
the total normalization of the sample
@ distributions can be constrained by the acceptance of the detector
@ we can make additional assumptions regarding eg. symmetry of the distribution or
asymptotic behavior

A.F.Zarnecki Statictical analysis 09 November 28, 2024



Constrained fit ’im

Model constraints

We consider set of N measurement points (x;, y;), which can be compared to model
predictions depending on parameters a in terms of the x? value:

Y (v — p(xi, )2
X2(a) _ Z (yl //;-(.217 ))
i=1 !

Best estimate of a should correspond to the minimum of y2(a).
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Model constraints

We consider set of N measurement points (x;, y;), which can be compared to model
predictions depending on parameters a in terms of the x? value:

Y (v — p(xi, )2
X2(a) _ Z (yl //;-(.217 ))
i=1 !

Best estimate of a should correspond to the minimum of y2(a).

However, we now need to look for this minimum taking additional constraints into account:
wg(a) = 0 k=1...K

where number of constraints K should be lower than number of parameters M.

A.F.Zarnecki
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Model constraints

We consider set of N measurement points (x;, y;), which can be compared to model
predictions depending on parameters a in terms of the x? value:

Y (v — p(xi, )2
X2(a) _ Z (yl //;-(.217 ))
i=1 !

Best estimate of a should correspond to the minimum of y2(a).
However, we now need to look for this minimum taking additional constraints into account:
wg(a) = 0 k=1...K

where number of constraints K should be lower than number of parameters M.

How can we find the best parameter values in this case?
A.F.Zarnecki
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Constrained fit ’im

Model reduction

The first approach is to reduce number of model parameters, using constraints to eliminate
some of the independent model variables. = We thus reduce the problem with M model
parameters to problem with M’ = M — K independent parameters. (method of elements)

November 28, 2024
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Constrained fit ’im

Model reduction

The first approach is to reduce number of model parameters, using constraints to eliminate
some of the independent model variables. = We thus reduce the problem with M model
parameters to problem with M’ = M — K independent parameters. (method of elements)

Example

We would like to fit polynomial model to a series of measurements where the azimuthal angle

0 € [—m,+m] is the controlled variable:
M-1

0\ " .
pu(x;a) = Z ak <7r> = Zak X

k=0 k
where we introduced x = % for simplicity, w € [-1, +1].

And we expect that the distribution should vanish for § — +7:
uw(—1;a) = p(+1;a) =0 K =2

A.F.Zarnecki Statictical analysis 09 November 28, 2024



Constrained fit ’im

Model reduction example
Our constraints give us direct relations between model parameters:

p(+1l;a) =

p(-La) =

Z ak (—I—l)k
k

> ak (-1
P

0

A.F.Zarnecki Statictical analysis 09
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Constrained fit ’im

Model reduction example
Our constraints give us direct relations between model parameters:

p(+lia) = D a(+1)F =0
k

p(-Lia) = Y (-1)f =0
k
We can add and subtract these two equations to obtain:
Z a, =0 and Z a, =0

k=0,2,4... k=1,35...
=- we have independent constrains on even and odd parameters.
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Model reduction example
Our constraints give us direct relations between model parameters:

p(+lia) = D a(+1)F =0
k

p(-Lia) = S (-1)f =0
k

We can add and subtract these two equations to obtain:

Z a, =0 and Z a, =0
k=0,2,4... k=1,35...
=- we have independent constrains on even and odd parameters.
We can reduce number of parameters to M’ = M — 2 by writing parameters for the two

highest terms (for even M) as:

ap_o» = — g ak and ay_-1 = — E ak
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Constrained fit

Model reduction example 09_reduce.ipynb

Example polynomial fit without and with model constraints

Npar = 4 full: x> = 304.88/16
1.0

const.: y2 =748.29 /18 p = 0.00076

0.8 s E
0.6 Ay $

= o4 A R
0.2 %

0.01 7/t
y

g

-0.21 '/ -

—1.00 -0.75 -0.50 -0.25 0.00

. . X
3" order polynomial not describing data at all
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u(-1) = u(+1) =0
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Model reduction example 09_reduce.ipynb
Example polynomial fit without and with model constraints p(=1) =p(+1)=0
Npar=5 full: x> =60.59/15 const.: y2=103.38/17 p=0.01818

1.0
0.8
0.6
x
>0.4
0.2 /
001

—-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

4t order polynomial fit still not satisfactory...
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Constrained fit
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Model reduction example
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09_reduce.ipynb

CO Open in Colab

Example polynomial fit without and with model constraints

p(=1) = p(+1) = 0
Npar =6 full: x2=10.07/14 const:x?=11.64/16 p=0.36181
1.0 ’)._4\*\
«" \+‘\
0.8 v \1.
N
. 0.6 i N
x / ‘\
> 04 ,"' %
0.2 ya ?"\+
s \}\_k
0.0 :j_v’l ac‘}i
—1.00 —0.75 -0.50 —0.25 0.00 0.25
Good description of the data.
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Constrained fit

Model reduction example

Example polynomial fit without and with model constraints

1.0
0.8
0.6

X

>0.4

0.2

0.0

Npar =7 full: x2=9.83/13

const.: 2 = 11.57/15

NN
W iy

09_reduce.ipynb

u(-1) = u(+1) =0

p = 0.34731

\‘f\g_
=

—1.00 -0.75 -0.50 -0.25 0.00

0.25 0.50

0.75 1.00

Slightly better description of the data. Constraints hardly affect the fit...
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Constrained fit ’im

Model reduction test for linear constraints !

We can use F-test to verify, if data are consistent with constraints.

We follow the procedure described previously: we have a model with m free parameters and
Am constraints, which we test on the set of N data points
Constrained (“reduced”) model has m — Am parameters and results in higher x?:

2 2 2
AX = Xreduced — Xfull >0
To test if the reduced model is equivalent to the “full” one, we consider:

F_ AX2/Am

+oo
= X2 and p = / dF’ f(F')
X%ull/(N_m)

F

p value (indicated in the plots) describe the probability of given x? change (when imposing
constraints) due to statistical fluctuations only.
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Model reduction example (2) (generated with p(—1) = pu(+1) = 0.1)
Example polynomial fit without and with model constraints, to inconsistent data set

Npar = 4 full: x> = 357.66/16 const.: x? = 508.85/18 p = 0.0596

1.2
1.0 M e

0.8 SNt

0.6 i S

y(x)

0.4

0.2 7
§

0.01 e

_0_2 ¥
—-1.00 —0.75 —-0.50 —0.25 0.00 0.25 0.50 0.75 1.00

X
3" order polynomial not describing data at all
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Model reduction example (2)

Example polynomial fit without and with model constraints, to inconsistent data set

Npar =5 full: x> = 62.54/15 const.: x> = 147.18/17 p = 0.00163

1.2

—-1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50

4t order polynomial fit still not satisfactory...
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Constrained fit

Model reduction example (2) 09_reduce2.ipynb

Example polynomial fit without and with model constraints, to inconsistent data set

Npar =6 full: Y2 =10.73/14 const.: * = 61.40/16 p =4.97e-06

1.2

—-1.00 —0.75 —-0.50 —0.25 0.00 0.25 0.50 0.75 1.00

. . . X .
Reasonable description of the data only without constraints...
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Model reduction example (2) 09_reduce2.ipynb
Example polynomial fit without and with model constraints, to inconsistent data set

Npar =7 full: Y2 =9.67/13 const.: x> = 26.03/15 p = 0.0016

1.2

~1.00 —0.75 —0.50 —0.25 0.00 025 0.50 0.75 1.00
. . . . . X .
p value indicates that data is not consistent with constraints...
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Model reduction example (2) 09_reduce2.ipynb
Example polynomial fit without and with model constraints, to inconsistent data set

Npar =8 full: Y2 = 9.66/12 const.: x? = 24.08/14 p = 0.00417
o)

1.2

—-1.00 —0.75 —-0.50 —0.25 0.00 0.25 0.50 0.75 1.00

. . . . . X .
p value indicates that data is not consistent with constraints...
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Constrained fit -

Model reduction

After fitting the reduced model, constraints can be used to extract values of eliminated
parameters and their uncertainties can be calculated from standard error propagation...
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Model reduction

After fitting the reduced model, constraints can be used to extract values of eliminated
parameters and their uncertainties can be calculated from standard error propagation...

When trying to reduce the number of parameters, one should consider redefining the
parameter basis in such a way that constraints depend only on selected parameters.
Can be essential for numerical stability...
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Constrained fit -3

Model reduction

After fitting the reduced model, constraints can be used to extract values of eliminated
parameters and their uncertainties can be calculated from standard error propagation...

When trying to reduce the number of parameters, one should consider redefining the
parameter basis in such a way that constraints depend only on selected parameters.
Can be essential for numerical stability...

However, elimination of variables is not always possible or can result in problems with
minimization / numerical instabilities.

Also, when iterative fit procedure is to be used, initial parameter values should be “guessed”,
but imposing constraints “by hand” can be difficult.

=- while model reduction is a preferred solution, resulting in higher fit efficiency in most cases,
we need an alternative...
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Constrained fit

Method of Lagrange Multipliers (Behnke)

The method, invented by J.L.Lagrange in 1788, applies to general minimization problem with
additional constraints imposed.

Problem of finding minimum of x2 (a) with constraints wy(a) = 0 is equivalent to finding a
stationary point (point with all first derivatives at zero) of the Lagrange function:

L@ A) = x*(a) + Y 2\w(a)
k

where we introduce additional K parameters Ay - Lagrange multipliers
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Constrained fit

Method of Lagrange Multipliers (Behnke)

The method, invented by J.L.Lagrange in 1788, applies to general minimization problem with
additional constraints imposed.

Problem of finding minimum of x2 (a) with constraints wy(a) = 0 is equivalent to finding a
stationary point (point with all first derivatives at zero) of the Lagrange function:

L@ A) = x*(a) + Y 2\w(a)
k

where we introduce additional K parameters Ay - Lagrange multipliers

Our problem is now reduced to finding parameters a and A fulfilling

oL oL
[ d -
aaj 0 an 8)\k

(without any additional constraints)

=0
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Constrained fit ’im

Method of Lagrange Multipliers

Writing the full formula for £: pi = p(x;;a)
N
S
i=1

We obtain a set of M 4+ K equations for the same number of parameters:

oL u,) au, .
i oS M2 1M
5 Z . Z aaj y
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Constrained fit ’im

Method of Lagrange Multipliers

Writing the full formula for £: pi = p(x;;a)
N
S
i=1

We obtain a set of M 4+ K equations for the same number of parameters:

oL u,) au, .
5 Z . Z aaj J
oL

a)\k Wk(a) 0

Adding constraints modifies the resulting system of equation for a...
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Constrained fit ’im

Method of Lagrange Multipliers

Let us consider the linear problem (linear in a):
M M
u(x;a) = Zaj fi(x) and wi(a) = dejj aj — ¢k
j=1 j=1

Our set of equations can be now presented as:

M N K N
Z(ZW) ajJerk,//\k = Zfl(:gy' I=1...M
Jj=1 \i=1 ! k=1 i=1 i

M

dedaj = Ck k=1...K

Jj=1
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Constrained fit ’im

Method of Lagrange Multipliers

We can write these equations the matrix form:

N N
f(x:) fi(x; filxi) yi
where: Ay ZJ(XL;(X) Dj = dhj and by = 3 2
i=1 !

and the problem can be solved by inverting matrix A.
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Constrained fit ’im

Method of Lagrange Multipliers

We can write these equations the matrix form:

N N
fi(xi) fie(xi) fi(xi) i
here: Ay = S , Djx = di,j and b; = d
where: Aji 2 Ul_z jk k,j an )j Z
and the problem can be solved by inverting matrix A.

Covariance matrix for a can be extracted as: (seems to work for linear problems)

(Ca)j = (A™h); ij=1...M
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Constrained fit

Lagrange Multipliers example

09_const.ipynb
— 1(0) = p(+1) = 0.
Npar = 4 full(red): ¥ = 139.28/16

const.(blue): x? = 283.94/19
1.00

Fitting sin(mx) with polynomial. Constraints: (—1)

p = 0.00839

| SE N
P
Ol L]
0.75 iwe bR
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0.50
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0.25

y(x)

0.00{ : / .
—0.25{ \} ¥, 2
-0.50 B\ L
~0.75 e - 7
~1.00 N

-1.00 —-0.75 —-0.50 —-0.25 0.00 0.25 0.50 0.75 1.00
. X
3" order polynomial
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Constrained fit
Lagrange Multipliers example 09_const.ipynb

Fitting sin(mx) with polynomial. Constraints: (—1)

const.(blue): x2 =277.42/18 p =0.0136

= p(0) = p(+1) = 0.

Npar = 5 full(red): x? = 139.08/15
1.00 [ N
2 Ry
0.75 o B
7 W
0.50 o N
"' \\\\
0.25{ %
Q ‘\\ ’, \\\“‘
L 0001 7 |
e, # '
-0.25 s
s/
-0.50 % e
-0.75 ¢ P
e
-1.00 Mg
-1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
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Constrained fit

Lagrange Multipliers example

09_const.ipynb

Fitting sin(mx) with polynomial. Constraints: ;(—1) = p(0) = p(+1) = 0.
Npar = 6 full(red): 2 = 13.05/14 const.(blue): 2 = 18.35/17 p = 0.177
1.00 e,
0.75 )4 S
0.50 ',"' \\.‘
025 / “\3‘\
Z 0001 >
> N, Vs
-025{
-0.50 \\ /"
-0.75 A p
~1.00 LN =
~1.00 —0.75 —0.50 —0.25 0.00 0.25 050 075 1.00
X

Good description when x° term included...
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Lagrange Multipliers example (2) 09_const2.ipynb
Comparing two approaches to polynomial fit with constraints.
Fit approach: unconstrained Lagrange multipliers ~ model reduction

Npar = 4 full(red): x2 = 240.92/16 mult.(cyan): x2 = 628.12/18 red.(blue): x2 = 628.12/18
1.0

0.8

0.6

0.4

y(x)

0.2

0.0

-0.2

—-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X
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Lagrange Multipliers example (2) 09_const2.ipynb
Comparing two approaches to polynomial fit with constraints.
Fit approach: unconstrained Lagrange multipliers ~ model reduction

Npar = 5 full{red): 2 = 49.46/15 mult.(cyan): 2 = 68.98/17 red.(blue): x? = 68.98/17
1.0

—-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

. X .
With x* term Perfect agreement between two constrain approaches
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Constrained fit

Lagrange Multipliers example (2) 09_const2.ipynb
Comparing two approaches to polynomial fit with constraints.
Fit approach: unconstrained Lagrange multipliers ~ model reduction

Npar = 6 full{red): 2 = 11.88/14 mult.(cyan): 2 = 16.18/16 red.(blue): 2 = 16.18/16
1.0

—-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

. . X
Good description for 5t order polynomial...
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Lagrange Multipliers example (2) 09_const2.ipynb
Comparing two approaches to polynomial fit with constraints.
Fit approach: unconstrained Lagrange multipliers ~ model reduction

Npar = 8 full{red): 2 = 10.07/12 mult.(cyan): 2 = 12.90/14 red.(blue): x2 = 12.90/14
1.0

0.8

—-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X
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Constrained fit

Lagrange Multipliers example (2) 09_const2.ipynb
Comparing two approaches to polynomial fit with constraints.
Fit approach: unconstrained Lagrange multipliers ~ model reduction

Npar = 10 full(red): x2 = 7.72/10 mult.(cyan): 2 = 11.01/12 red.(blue): 2 = 11.01/12
1.0

—-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

. .. . . X .
Unconstrained fit more sensitive to statistical fluctuations...
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Statistical analysis of experimental data > .

Least-squares method (2)

@ Homework
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Homework Solutions to be uploaded by December 11.

Consider outcome of the experiment, as illustrated in the figure.
N = 8 measurements generated at fixed x; from uniform background model with gaussian pdf
(x; = —0.875,—-0.625,...,0.875, puj=p=>5, 0;=0=0.1)

Results can be compared to background only

S+B (green) x> = 5.47/6 vs B (red) x? = 9.82/7

model and to backgroundsignal: >3
5.2
up = B and  ppys = C-sin(mx)+ D

5.1

@ Estimate probability of fitted C value S50

deviating from zero by more than +0.15 o

@ Verify estimate with simulation s
Hint: A and Ca do not depend on yl -1.00 -0.75 —-0.50 —0.25 0.00 0.25 0.50 0.75 1.00

X
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Homework

Homework Solutions to be uploaded by December 11.

Consider outcome of the experiment, as illustrated in the figure.
N = 8 measurements generated at fixed x; from uniform background model with gaussian pdf
(x; = —0.875,—-0.625,...,0.875, puj=p=>5, 0;=0=0.1)

Results can be compared to background only

S+B (green) x> = 1.66/6 vs B (red) x? = 11.46/7

model and to backgroundsignal: 5.3
up = B and  ppys = C-sin(nx)+ D >
5.1
@ Estimate probability of fitted C value Es,o |
deviating from zero by more than +0.15 is
@ Verify estimate with simulation
4.8
Hint: A and Ca do not depend on yl -1.00 -0.75 —-0.50 —0.25 0.00 0.25 0.50 0.75 1.00
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